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Abstract 

In recent years, many researchers have focused on the chaotic dynamics of 

quantum calculus, which arises in a variety of areas including the study of 

fractals, multi-fractal measures, combinatorics and special functions. 

In this paper, owing to some useful 𝑞𝑞-calculus notations, we consider the 

sequence of 𝑞𝑞-Fibonacci dual number and 𝑞𝑞-Lucas dual number with a 

different perspective and we present some formulas, facts, and properties 

about these number sequences. After that, some fundamental identities are 

given, such as D’ ocagnes, Cassini, Catalan, and Binet formulas and relations 

of the 𝑞𝑞-dual number sequences, and defined the new dual polynomial and 

function called 𝑞𝑞-dual Fibonacci polynomial and function sequences. Then, 

we provide some properties for these sequences. 

1. Introduction 

W. K. Clifford (1845-1879) introduced the algebra of dual numbers as a 

tool for his geometrical investigations, and Kotelnikov gave the first 

applications (Kotelnikov, 1985). Eduard Study gave line geometry and 

kinematics using dual numbers and dual vectors (Study, 2022). He showed 

that the points of the dual unit sphere in 𝔻𝔻3 have a one-to-one relationship. 

Dual numbers have modern applications in computer modeling of rigid 

bodies, mechanism design, kinematics, human body modeling, and 

dynamics (Guggenheimer, 2012; Fischer,1998; Nurkan, 2015; Angeles, 

1998).  
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A dual number is defined by the form 𝑎𝑎0 + 𝜀𝜀𝑎𝑎1, where 

𝑎𝑎0 and 𝑎𝑎1 are real numbers and 𝜀𝜀 is the dual unit taken to 

satisfy 𝜀𝜀2=0 with 𝜀𝜀 ≠ 0.  

The addition and multiplication of any dual numbers 𝔸𝔸 and 𝔹𝔹 are defined, 

respectively, as follows: 

𝔸𝔸 + 𝔹𝔹 = (𝑎𝑎0 + 𝑏𝑏0) + 𝜀𝜀(𝑎𝑎1 + 𝑏𝑏1) 

and 

  𝔸𝔸𝔹𝔹 = 𝑎𝑎0𝑏𝑏0 + 𝜀𝜀(𝑎𝑎0𝑏𝑏1 + 𝑎𝑎1𝑏𝑏0) 

In the literature, the Fibonacci and the Lucas numbers 

play an important role in various areas such as mathematics and 

related fields. For positive integer 𝑛𝑛, the linear sequences F𝑛𝑛 and 

L𝑛𝑛 are defined by F𝑛𝑛+2=F𝑛𝑛+1 + F𝑛𝑛 and L𝑛𝑛+2=L𝑛𝑛+1 + L𝑛𝑛. Here, 

the initial conditions are F0=0, F1=1, L0=2, and L1=1, 

respectively. The Binet formulas of these numbers are 

F𝑛𝑛 = 𝛼𝛼𝑛𝑛 − 𝛽𝛽𝑛𝑛

𝛼𝛼 − 𝛽𝛽  

and 

L𝑛𝑛 = 𝛼𝛼𝑛𝑛 + 𝛽𝛽𝑛𝑛 

The properties, relations, results between Fibonacci and Lucas numbers can 

be found in (Horadam, 1963; Koshy, 2018, 2019; Maynez, 2016; Nalli, 

2009; Oduol, 2020; Vorobiov, 1974). Quantum calculus is important in 

both physics and mathematics. In recent years, many researchers have 

become interested in quantum calculus, which occurs in a variety of 

mathematical fields of combinatorics and special functions. For 

understanding of this paper, we demonstrate definitions and facts from the 

quantum calculus. The 𝑞𝑞-integer (Kac, 2002; Kome, 2022; Stum, 2013; 

Akkus, 2019) is shwon by 

[𝑛𝑛]𝑞𝑞 = 1 − 𝑞𝑞𝑛𝑛

1 − 𝑞𝑞 = 1 + 𝑞𝑞 + ⋯ + 𝑞𝑞𝑛𝑛−1                         (1) 
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A dual number is defined by the form 𝑎𝑎0 + 𝜀𝜀𝑎𝑎1, where 

𝑎𝑎0 and 𝑎𝑎1 are real numbers and 𝜀𝜀 is the dual unit taken to 

satisfy 𝜀𝜀2=0 with 𝜀𝜀 ≠ 0.  

The addition and multiplication of any dual numbers 𝔸𝔸 and 𝔹𝔹 are defined, 

respectively, as follows: 

𝔸𝔸 + 𝔹𝔹 = (𝑎𝑎0 + 𝑏𝑏0) + 𝜀𝜀(𝑎𝑎1 + 𝑏𝑏1) 

and 

  𝔸𝔸𝔹𝔹 = 𝑎𝑎0𝑏𝑏0 + 𝜀𝜀(𝑎𝑎0𝑏𝑏1 + 𝑎𝑎1𝑏𝑏0) 

In the literature, the Fibonacci and the Lucas numbers 

play an important role in various areas such as mathematics and 

related fields. For positive integer 𝑛𝑛, the linear sequences F𝑛𝑛 and 

L𝑛𝑛 are defined by F𝑛𝑛+2=F𝑛𝑛+1 + F𝑛𝑛 and L𝑛𝑛+2=L𝑛𝑛+1 + L𝑛𝑛. Here, 

the initial conditions are F0=0, F1=1, L0=2, and L1=1, 

respectively. The Binet formulas of these numbers are 

F𝑛𝑛 = 𝛼𝛼𝑛𝑛 − 𝛽𝛽𝑛𝑛

𝛼𝛼 − 𝛽𝛽  

and 

L𝑛𝑛 = 𝛼𝛼𝑛𝑛 + 𝛽𝛽𝑛𝑛 

The properties, relations, results between Fibonacci and Lucas numbers can 

be found in (Horadam, 1963; Koshy, 2018, 2019; Maynez, 2016; Nalli, 

2009; Oduol, 2020; Vorobiov, 1974). Quantum calculus is important in 

both physics and mathematics. In recent years, many researchers have 

become interested in quantum calculus, which occurs in a variety of 

mathematical fields of combinatorics and special functions. For 

understanding of this paper, we demonstrate definitions and facts from the 

quantum calculus. The 𝑞𝑞-integer (Kac, 2002; Kome, 2022; Stum, 2013; 

Akkus, 2019) is shwon by 

[𝑛𝑛]𝑞𝑞 = 1 − 𝑞𝑞𝑛𝑛

1 − 𝑞𝑞 = 1 + 𝑞𝑞 + ⋯ + 𝑞𝑞𝑛𝑛−1                         (1) 

of two variables 𝑛𝑛 and 𝑞𝑞. For positive integer 𝑚𝑚 and 𝑛𝑛, we obtain 

{
[𝑚𝑚 + 𝑛𝑛]𝑞𝑞 = [𝑚𝑚]𝑞𝑞 + 𝑞𝑞𝑚𝑚[𝑛𝑛]𝑞𝑞      

     
      [𝑚𝑚𝑛𝑛]𝑞𝑞 = [𝑚𝑚]𝑞𝑞 + [𝑛𝑛]𝑞𝑞𝑚𝑚             

                              (2)   

In this paper, some basic concepts of dual number sequences are 

given using 𝑞𝑞-dual Fibonacci number sequences and 𝑞𝑞-dual Lucas 

number sequences. Moreover, we obtain the main identities and define 

quantum dual Polynomials and functions. 

 

2. 𝑞𝑞 -Dual Fibonacci and Lucas Number Sequences 

In this section, we give dual number sequences with components including 

quantum integers, which are called 𝑞𝑞-dual Fibonacci number sequences 

and 𝑞𝑞-dual Lucas number sequences. Moreover, we obtain the main 

identities. 

Definition 2.1. Dual number sequences can be given in the forms: 

ℱ𝑛𝑛 = 𝛼𝛼𝑛𝑛(1 − 𝑞𝑞𝑛𝑛)
𝛼𝛼 − 𝛼𝛼𝑞𝑞 + 𝜀𝜀 𝛼𝛼𝑛𝑛+1(1 − 𝑞𝑞𝑛𝑛+1)

𝛼𝛼 − 𝛼𝛼𝑞𝑞                     (3) 

or equivalent 

ℱ𝑛𝑛 = 𝛼𝛼𝑛𝑛−1[𝑛𝑛]𝑞𝑞 + 𝜀𝜀𝛼𝛼𝑛𝑛[𝑛𝑛 + 1]𝑞𝑞                                   (4) 

are called the 𝑛𝑛𝑡𝑡ℎ 𝑞𝑞-dual Fibonacci number sequences and 

ℒ𝑛𝑛 = 𝛼𝛼𝑛𝑛(1 − 𝑞𝑞2𝑛𝑛)
1 − 𝑞𝑞𝑛𝑛 + 𝜀𝜀 𝛼𝛼𝑛𝑛+1(1 − 𝑞𝑞2𝑛𝑛+2)

1 − 𝑞𝑞𝑛𝑛+1                 (5) 

or equivalent 

ℒ𝑛𝑛 =
𝛼𝛼𝑛𝑛[2𝑛𝑛]𝑞𝑞

[𝑛𝑛]𝑞𝑞
+ 𝜀𝜀

𝛼𝛼𝑛𝑛+1[2𝑛𝑛 + 2]𝑞𝑞
[𝑛𝑛 + 1]𝑞𝑞

                            (6) 

are called as the 𝑛𝑛𝑡𝑡ℎ 𝑞𝑞-dual Lucas number sequences, where 𝜀𝜀 is the dual unit 

and 𝜀𝜀2 = 0. 

Theorem 2.2. ( Binet’s formula ) For 𝑛𝑛 ≥  0, the Binet formulas for dual 

number sequences are 
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{
 

 ℱ𝑛𝑛 = 𝛼𝛼𝑛𝑛−1[𝑛𝑛]𝑞𝑞𝛼𝛼 + (𝛼𝛼𝛼𝛼)𝑛𝑛𝛽𝛽       
    

    ℒ𝑛𝑛 =
𝛼𝛼𝑛𝑛[2𝑛𝑛]𝑞𝑞
[𝑛𝑛]𝑞𝑞

𝛾𝛾 + 𝛼𝛼𝑛𝑛+1(1 − 𝛼𝛼)𝛽𝛽
                       (7) 

Moreover, these dual number sequences are shown another 

expression of the form 

 {
ℱ𝑛𝑛 =

𝛼𝛼𝑛𝑛𝛼𝛼 − (𝛼𝛼𝛼𝛼)𝑛𝑛𝛾𝛾      
𝛼𝛼 − 𝛼𝛼𝛼𝛼        
    

ℒ𝑛𝑛 = 𝛼𝛼𝑛𝑛𝛼𝛼 + (𝛼𝛼𝛼𝛼)𝑛𝑛𝛾𝛾             
                                   (8) 

where 

{
  
  
𝛼𝛼 = 1 + 𝛼𝛼𝛼𝛼   

  
𝛽𝛽 = 𝛼𝛼            

    
   𝛾𝛾 = 1 + (𝛼𝛼𝛼𝛼)𝛼𝛼

                                                           (9)  

Proof. By taking Equalities 1, 2, 4 and 9, we have 

ℱ𝑛𝑛 = 𝛼𝛼𝑛𝑛−1[𝑛𝑛]𝑞𝑞 + 𝛼𝛼𝛼𝛼𝑛𝑛[𝑛𝑛 + 1]𝑞𝑞 

      = 𝛼𝛼𝑛𝑛−1[𝑛𝑛]𝑞𝑞 + 𝛼𝛼𝛼𝛼𝑛𝑛([𝑛𝑛]𝑞𝑞 + 𝛼𝛼𝑛𝑛) 

      = 𝛼𝛼𝑛𝑛−1[𝑛𝑛]𝑞𝑞(1 + 𝛼𝛼𝛼𝛼) + ε𝛼𝛼𝑛𝑛𝛼𝛼𝑛𝑛               

      = 𝛼𝛼𝑛𝑛−1[𝑛𝑛]𝑞𝑞𝛼𝛼 + (𝛼𝛼𝛼𝛼)𝑛𝑛𝛽𝛽 

Calculate the Binet formula for the 𝛼𝛼-dual Lucas number sequences ℒ𝑛𝑛 in 

other form 

 ℒ𝑛𝑛 =
𝛼𝛼𝑛𝑛(1 − 𝛼𝛼2𝑛𝑛)
1 − 𝛼𝛼𝑛𝑛 + 𝛼𝛼 𝛼𝛼

𝑛𝑛+1(1 − 𝛼𝛼2𝑛𝑛+2)
1 − 𝛼𝛼𝑛𝑛+1  

      = 𝛼𝛼𝑛𝑛(1 + 𝛼𝛼𝑛𝑛) + 𝛼𝛼𝛼𝛼𝑛𝑛+1(1 + 𝛼𝛼𝑛𝑛+1) 
      = 𝛼𝛼𝑛𝑛(1 + 𝛼𝛼𝛼𝛼) + (𝛼𝛼𝛼𝛼)𝑛𝑛(1 + 𝛼𝛼𝛼𝛼𝛼𝛼) 
      = 𝛼𝛼𝑛𝑛𝛼𝛼 + (𝛼𝛼𝛼𝛼)𝑛𝑛𝛾𝛾 

Theorem 2.3. (Catalan’s identity) For 𝑛𝑛 >  𝑟𝑟, 𝑟𝑟 ≥  1 
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{
 

 ℱ𝑛𝑛 = 𝛼𝛼𝑛𝑛−1[𝑛𝑛]𝑞𝑞𝛼𝛼 + (𝛼𝛼𝛼𝛼)𝑛𝑛𝛽𝛽       
    

    ℒ𝑛𝑛 =
𝛼𝛼𝑛𝑛[2𝑛𝑛]𝑞𝑞
[𝑛𝑛]𝑞𝑞

𝛾𝛾 + 𝛼𝛼𝑛𝑛+1(1 − 𝛼𝛼)𝛽𝛽
                       (7) 

Moreover, these dual number sequences are shown another 

expression of the form 
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ℒ𝑛𝑛 = 𝛼𝛼𝑛𝑛𝛼𝛼 + (𝛼𝛼𝛼𝛼)𝑛𝑛𝛾𝛾             
                                   (8) 

where 

{
  
  
𝛼𝛼 = 1 + 𝛼𝛼𝛼𝛼   

  
𝛽𝛽 = 𝛼𝛼            

    
   𝛾𝛾 = 1 + (𝛼𝛼𝛼𝛼)𝛼𝛼

                                                           (9)  

Proof. By taking Equalities 1, 2, 4 and 9, we have 

ℱ𝑛𝑛 = 𝛼𝛼𝑛𝑛−1[𝑛𝑛]𝑞𝑞 + 𝛼𝛼𝛼𝛼𝑛𝑛[𝑛𝑛 + 1]𝑞𝑞 

      = 𝛼𝛼𝑛𝑛−1[𝑛𝑛]𝑞𝑞 + 𝛼𝛼𝛼𝛼𝑛𝑛([𝑛𝑛]𝑞𝑞 + 𝛼𝛼𝑛𝑛) 

      = 𝛼𝛼𝑛𝑛−1[𝑛𝑛]𝑞𝑞(1 + 𝛼𝛼𝛼𝛼) + ε𝛼𝛼𝑛𝑛𝛼𝛼𝑛𝑛               

      = 𝛼𝛼𝑛𝑛−1[𝑛𝑛]𝑞𝑞𝛼𝛼 + (𝛼𝛼𝛼𝛼)𝑛𝑛𝛽𝛽 

Calculate the Binet formula for the 𝛼𝛼-dual Lucas number sequences ℒ𝑛𝑛 in 

other form 

 ℒ𝑛𝑛 =
𝛼𝛼𝑛𝑛(1 − 𝛼𝛼2𝑛𝑛)
1 − 𝛼𝛼𝑛𝑛 + 𝛼𝛼 𝛼𝛼

𝑛𝑛+1(1 − 𝛼𝛼2𝑛𝑛+2)
1 − 𝛼𝛼𝑛𝑛+1  

      = 𝛼𝛼𝑛𝑛(1 + 𝛼𝛼𝑛𝑛) + 𝛼𝛼𝛼𝛼𝑛𝑛+1(1 + 𝛼𝛼𝑛𝑛+1) 
      = 𝛼𝛼𝑛𝑛(1 + 𝛼𝛼𝛼𝛼) + (𝛼𝛼𝛼𝛼)𝑛𝑛(1 + 𝛼𝛼𝛼𝛼𝛼𝛼) 
      = 𝛼𝛼𝑛𝑛𝛼𝛼 + (𝛼𝛼𝛼𝛼)𝑛𝑛𝛾𝛾 

Theorem 2.3. (Catalan’s identity) For 𝑛𝑛 >  𝑟𝑟, 𝑟𝑟 ≥  1 

ℱ𝑛𝑛+𝑟𝑟ℱ𝑛𝑛−𝑟𝑟 − ℱ𝑛𝑛
2 = 𝛼𝛼2𝑛𝑛−2𝑞𝑞𝑛𝑛

1 − 𝑞𝑞 ([−𝑟𝑟]𝑞𝑞 + [𝑟𝑟]𝑞𝑞)(1 + [2]𝑞𝑞ε) 

Proof. By using Equalities 1, 2, 8, and 9, after some calculations. We have 

ℱ𝑛𝑛+𝑟𝑟ℱ𝑛𝑛−𝑟𝑟 − ℱ𝑛𝑛
2 

=
𝛼𝛼𝑛𝑛+𝑟𝑟𝛼𝛼 − (𝛼𝛼𝑞𝑞)𝑛𝑛+𝑟𝑟𝛾𝛾 

𝛼𝛼 − 𝛼𝛼𝑞𝑞    
𝛼𝛼𝑛𝑛−𝑟𝑟𝛼𝛼 − (𝛼𝛼𝑞𝑞)𝑛𝑛−𝑟𝑟𝛾𝛾 

𝛼𝛼 − 𝛼𝛼𝑞𝑞   − (
𝛼𝛼𝑛𝑛𝛼𝛼 − (𝛼𝛼𝑞𝑞)𝑛𝑛𝛾𝛾 

𝛼𝛼 − 𝛼𝛼𝑞𝑞 )
2

 

      = 𝛼𝛼2𝑛𝑛−2𝑞𝑞𝑛𝑛 (2 − 𝑞𝑞−𝑟𝑟 − 𝑞𝑞𝑟𝑟)
(1 − 𝑞𝑞)2  𝛼𝛼 𝛾𝛾 

      = 𝛼𝛼2𝑛𝑛−2𝑞𝑞𝑛𝑛 (1 + 1 − 𝑞𝑞−𝑟𝑟 − 𝑞𝑞𝑟𝑟)
(1 − 𝑞𝑞)2 (1 + [2]𝑞𝑞𝜀𝜀) 

      = 𝛼𝛼2𝑛𝑛−2𝑞𝑞𝑛𝑛

1 − 𝑞𝑞 ([−𝑟𝑟]𝑞𝑞 + [𝑟𝑟]𝑞𝑞)(1 + [2]𝑞𝑞ε) 

This completes the proof.  

Remember that in the case 𝑟𝑟 =  1 in Theorem 2.3, it reduces to Cassini’s 

identity of the 𝑞𝑞-dual Fibonacci number sequences. 

Corollary 2.4. (Cassini identity) For 𝑛𝑛 ≥  1, we will have 

ℱ𝑛𝑛+1ℱ𝑛𝑛−1 − ℱ𝑛𝑛
2 = 𝛼𝛼2𝑛𝑛−2𝑞𝑞𝑛𝑛

1 − 𝑞𝑞 ([−1]𝑞𝑞 + [1]𝑞𝑞)(1 + [2]𝑞𝑞ε) 

Theorem 2.5. (d’ Ocagne’s identity) For any integer 𝑚𝑚 and 𝑛𝑛, we have 

ℱ𝑚𝑚ℱ𝑛𝑛+1 − ℱ𝑛𝑛ℱ𝑚𝑚+1 = 𝛼𝛼𝑚𝑚+𝑛𝑛+1([𝑚𝑚]𝑞𝑞 − [𝑛𝑛]𝑞𝑞) 𝛼𝛼2 (1 + 𝛽𝛽) 

Proof. Using Equalities 2, 3, 7 and 9, we get 

ℱ𝑚𝑚ℱ𝑛𝑛+1 − ℱ𝑛𝑛ℱ𝑚𝑚+1 

= 𝛼𝛼𝑚𝑚−1 ([𝑚𝑚]𝑞𝑞 𝛼𝛼 + (𝛼𝛼𝑞𝑞)𝑚𝑚𝛽𝛽) (𝛼𝛼𝑛𝑛[𝑛𝑛]𝑞𝑞 𝛼𝛼 + (𝛼𝛼𝑞𝑞)𝑛𝑛+1𝛽𝛽) 

                −𝛼𝛼𝑛𝑛−1 ([𝑛𝑛]𝑞𝑞 𝛼𝛼 + (𝛼𝛼𝑞𝑞)𝑛𝑛𝛽𝛽) (𝛼𝛼𝑚𝑚[𝑚𝑚]𝑞𝑞 𝛼𝛼 + (𝛼𝛼𝑞𝑞)𝑚𝑚+1𝛽𝛽) 

= 𝛼𝛼𝑚𝑚+𝑛𝑛−1 (𝑞𝑞𝑛𝑛 − 𝑞𝑞𝑚𝑚

1 − 𝑞𝑞 )  𝛼𝛼2+𝛼𝛼𝑚𝑚+𝑛𝑛(𝑞𝑞𝑚𝑚 − 𝑞𝑞𝑛𝑛)𝛼𝛼𝛽𝛽            

= 𝛼𝛼𝑚𝑚+𝑛𝑛

𝛼𝛼 ([𝑚𝑚]𝑞𝑞 − [𝑛𝑛]𝑞𝑞) 𝛼𝛼2+𝛼𝛼𝑚𝑚+𝑛𝑛([𝑛𝑛]𝑞𝑞 − [𝑚𝑚]𝑞𝑞)𝛼𝛼𝛽𝛽    

= 𝛼𝛼𝑚𝑚+𝑛𝑛

𝛼𝛼 ([𝑚𝑚]𝑞𝑞 − [𝑛𝑛]𝑞𝑞) 𝛼𝛼2 (1 − 𝛽𝛽)                                 

Theorem 2.6. For positive integers 𝑚𝑚, 𝑟𝑟 and 𝑠𝑠 with 𝑚𝑚 ≥ 𝑟𝑟 and  
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𝑚𝑚 ≥ 𝑠𝑠, then the following holds between the 𝑞𝑞-dual Fibonacci number 

sequences and the 𝑞𝑞-dual Lucas number sequences 

 ℒ𝑚𝑚+𝑟𝑟ℱ𝑚𝑚+𝑠𝑠 −  ℒ𝑚𝑚+𝑠𝑠ℱ𝑚𝑚+𝑟𝑟 = 2𝑞𝑞𝑚𝑚𝛼𝛼2𝑚𝑚+𝑟𝑟+𝑠𝑠−1([𝑠𝑠]𝑞𝑞 − [𝑟𝑟]𝑞𝑞)(1 + [2]𝑞𝑞ε) 

Proof. By using Equalities 2, 3, 7 and 9, also doing necessary calculations, 

we will have 

 ℒ𝑚𝑚+𝑟𝑟ℱ𝑚𝑚+𝑠𝑠 −  ℒ𝑚𝑚+𝑠𝑠ℱ𝑚𝑚+𝑟𝑟 

  = (
𝛼𝛼𝑚𝑚+𝑟𝑟[2𝑚𝑚 + 2𝑟𝑟]𝑞𝑞

[𝑚𝑚 + 𝑟𝑟]𝑞𝑞
𝛾𝛾 + 𝛼𝛼𝑚𝑚+𝑟𝑟+1(1 − 𝑞𝑞)𝛽𝛽) (𝛼𝛼𝑚𝑚+𝑠𝑠−1[𝑚𝑚 + 𝑠𝑠]𝑞𝑞 𝛼𝛼 + (𝛼𝛼𝑞𝑞)𝑚𝑚+𝑠𝑠𝛽𝛽) 

− (
𝛼𝛼𝑚𝑚+𝑠𝑠[2𝑚𝑚 + 2𝑠𝑠]𝑞𝑞

[𝑚𝑚 + 𝑠𝑠]𝑞𝑞
𝛾𝛾 + 𝛼𝛼𝑚𝑚+𝑠𝑠+1(1 − 𝑞𝑞)𝛽𝛽) 

 = 2𝑞𝑞𝑚𝑚𝛼𝛼2𝑚𝑚+𝑟𝑟+𝑠𝑠−1 (𝑞𝑞𝑟𝑟 − 𝑞𝑞𝑠𝑠

1 − 𝑞𝑞 ) 𝛼𝛼𝛾𝛾 

 = 2𝑞𝑞𝑚𝑚𝛼𝛼2𝑚𝑚+𝑟𝑟+𝑠𝑠−1 (𝑞𝑞𝑟𝑟 − 1 + 1 − 𝑞𝑞𝑠𝑠

1 − 𝑞𝑞 ) 𝛼𝛼𝛾𝛾 

 = 2𝑞𝑞𝑚𝑚𝛼𝛼2𝑚𝑚+𝑟𝑟+𝑠𝑠−1([𝑠𝑠]𝑞𝑞 − [𝑟𝑟]𝑞𝑞)(1 + [2]𝑞𝑞ε) 

3. 𝑞𝑞- Dual Fibonacci and Lucas Polynomial Sequences 

In this section, we define 𝑞𝑞-dual polynomial sequences which generalizes 

𝑞𝑞-polynomial sequences F𝑛𝑛(𝑡𝑡) and L𝑛𝑛(𝑡𝑡). We obtain the Binet formulas for 

𝑞𝑞-dual polynomial sequences. Moreover, we give some properties and 

identities for these quantum dual polynomial sequences 

Definition 3.1. For 𝑝𝑝(𝑡𝑡) and 𝑟𝑟(𝑡𝑡) dual component polynomials, the 𝑞𝑞-

polynomial sequences F𝑛𝑛(𝑡𝑡) and L𝑛𝑛(𝑡𝑡) are provided as follows: 

{ F𝑛𝑛+2(𝑡𝑡) = 𝑝𝑝(𝑡𝑡)F𝑛𝑛+1(𝑡𝑡) − 𝑟𝑟(𝑡𝑡)F𝑛𝑛(𝑡𝑡)
L𝑛𝑛+2(𝑡𝑡) = 𝑝𝑝(𝑡𝑡)L𝑛𝑛+1(𝑡𝑡) − 𝑟𝑟(𝑡𝑡)L𝑛𝑛(𝑡𝑡)                       (10) 

Here, the initial conditions are F0(𝑡𝑡)=0, F1(𝑡𝑡)=1, L0(𝑡𝑡)=2, and 

L0(𝑡𝑡)=𝑝𝑝(𝑡𝑡), respectively. 

Clssify the 𝑞𝑞-dual polynomial squences F𝑛𝑛(𝑡𝑡) and L𝑛𝑛(𝑡𝑡) 

acording to the given the polynomials 𝑝𝑝(𝑡𝑡) and 𝑟𝑟(𝑡𝑡) values, 

repectively.  
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𝑚𝑚 ≥ 𝑠𝑠, then the following holds between the 𝑞𝑞-dual Fibonacci number 

sequences and the 𝑞𝑞-dual Lucas number sequences 

 ℒ𝑚𝑚+𝑟𝑟ℱ𝑚𝑚+𝑠𝑠 −  ℒ𝑚𝑚+𝑠𝑠ℱ𝑚𝑚+𝑟𝑟 = 2𝑞𝑞𝑚𝑚𝛼𝛼2𝑚𝑚+𝑟𝑟+𝑠𝑠−1([𝑠𝑠]𝑞𝑞 − [𝑟𝑟]𝑞𝑞)(1 + [2]𝑞𝑞ε) 

Proof. By using Equalities 2, 3, 7 and 9, also doing necessary calculations, 

we will have 

 ℒ𝑚𝑚+𝑟𝑟ℱ𝑚𝑚+𝑠𝑠 −  ℒ𝑚𝑚+𝑠𝑠ℱ𝑚𝑚+𝑟𝑟 

  = (
𝛼𝛼𝑚𝑚+𝑟𝑟[2𝑚𝑚 + 2𝑟𝑟]𝑞𝑞

[𝑚𝑚 + 𝑟𝑟]𝑞𝑞
𝛾𝛾 + 𝛼𝛼𝑚𝑚+𝑟𝑟+1(1 − 𝑞𝑞)𝛽𝛽) (𝛼𝛼𝑚𝑚+𝑠𝑠−1[𝑚𝑚 + 𝑠𝑠]𝑞𝑞 𝛼𝛼 + (𝛼𝛼𝑞𝑞)𝑚𝑚+𝑠𝑠𝛽𝛽) 

− (
𝛼𝛼𝑚𝑚+𝑠𝑠[2𝑚𝑚 + 2𝑠𝑠]𝑞𝑞

[𝑚𝑚 + 𝑠𝑠]𝑞𝑞
𝛾𝛾 + 𝛼𝛼𝑚𝑚+𝑠𝑠+1(1 − 𝑞𝑞)𝛽𝛽) 

 = 2𝑞𝑞𝑚𝑚𝛼𝛼2𝑚𝑚+𝑟𝑟+𝑠𝑠−1 (𝑞𝑞𝑟𝑟 − 𝑞𝑞𝑠𝑠

1 − 𝑞𝑞 ) 𝛼𝛼𝛾𝛾 

 = 2𝑞𝑞𝑚𝑚𝛼𝛼2𝑚𝑚+𝑟𝑟+𝑠𝑠−1 (𝑞𝑞𝑟𝑟 − 1 + 1 − 𝑞𝑞𝑠𝑠

1 − 𝑞𝑞 ) 𝛼𝛼𝛾𝛾 

 = 2𝑞𝑞𝑚𝑚𝛼𝛼2𝑚𝑚+𝑟𝑟+𝑠𝑠−1([𝑠𝑠]𝑞𝑞 − [𝑟𝑟]𝑞𝑞)(1 + [2]𝑞𝑞ε) 

3. 𝑞𝑞- Dual Fibonacci and Lucas Polynomial Sequences 

In this section, we define 𝑞𝑞-dual polynomial sequences which generalizes 

𝑞𝑞-polynomial sequences F𝑛𝑛(𝑡𝑡) and L𝑛𝑛(𝑡𝑡). We obtain the Binet formulas for 

𝑞𝑞-dual polynomial sequences. Moreover, we give some properties and 

identities for these quantum dual polynomial sequences 

Definition 3.1. For 𝑝𝑝(𝑡𝑡) and 𝑟𝑟(𝑡𝑡) dual component polynomials, the 𝑞𝑞-

polynomial sequences F𝑛𝑛(𝑡𝑡) and L𝑛𝑛(𝑡𝑡) are provided as follows: 

{ F𝑛𝑛+2(𝑡𝑡) = 𝑝𝑝(𝑡𝑡)F𝑛𝑛+1(𝑡𝑡) − 𝑟𝑟(𝑡𝑡)F𝑛𝑛(𝑡𝑡)
L𝑛𝑛+2(𝑡𝑡) = 𝑝𝑝(𝑡𝑡)L𝑛𝑛+1(𝑡𝑡) − 𝑟𝑟(𝑡𝑡)L𝑛𝑛(𝑡𝑡)                       (10) 

Here, the initial conditions are F0(𝑡𝑡)=0, F1(𝑡𝑡)=1, L0(𝑡𝑡)=2, and 

L0(𝑡𝑡)=𝑝𝑝(𝑡𝑡), respectively. 

Clssify the 𝑞𝑞-dual polynomial squences F𝑛𝑛(𝑡𝑡) and L𝑛𝑛(𝑡𝑡) 

acording to the given the polynomials 𝑝𝑝(𝑡𝑡) and 𝑟𝑟(𝑡𝑡) values, 

repectively.  

1. Assume that 𝑝𝑝(𝑡𝑡)  =  𝑎𝑎𝑎𝑎 + 1 and 𝑟𝑟(𝑡𝑡)  =  𝑎𝑎2 𝑎𝑎 are constant 

polynomials, we obtain as follows: 

{ F𝑛𝑛+2(𝑡𝑡) = (𝑎𝑎𝑎𝑎 + 1)F𝑛𝑛+1(𝑡𝑡) − 𝑎𝑎2 𝑎𝑎 F𝑛𝑛(𝑡𝑡)
L𝑛𝑛+2(𝑡𝑡) = (𝑎𝑎𝑎𝑎 + 1)L𝑛𝑛+1(𝑡𝑡) − 𝑎𝑎2 𝑎𝑎L𝑛𝑛(𝑡𝑡)   

2. Assume that 𝑝𝑝(𝑡𝑡) = 𝜆𝜆(𝑠𝑠) and 𝑟𝑟(𝑡𝑡) = −1 are not constant 

polynomials, then we have 

F𝑛𝑛+2(𝑡𝑡) =  𝜆𝜆(𝑠𝑠)F𝑛𝑛+1(𝑡𝑡) + F𝑛𝑛(𝑡𝑡) 

wth the initial conditions F0(𝑡𝑡) = 0, F1(𝑡𝑡) = 1. From Equality 10, roots of 

𝑥𝑥2 − 𝑝𝑝(𝑡𝑡)𝑥𝑥 + 𝑟𝑟(𝑡𝑡) = 0 are  

𝛼𝛼(𝑥𝑥) = 𝑝𝑝(𝑡𝑡) + √𝑝𝑝2(𝑡𝑡) − 4𝑟𝑟(𝑡𝑡)
2  

ad 

𝛽𝛽(𝑥𝑥) = 𝑝𝑝(𝑡𝑡) − √𝑝𝑝2(𝑡𝑡) − 4𝑟𝑟(𝑡𝑡)
2  

Then, the Binet formulas for 𝑎𝑎-polynomials F𝑛𝑛(𝑡𝑡) and L𝑛𝑛(𝑡𝑡) are 

F𝑛𝑛(𝑡𝑡) = 𝛼𝛼𝑛𝑛(𝑥𝑥) − 𝛽𝛽𝑛𝑛(𝑥𝑥)
𝛼𝛼(𝑥𝑥) − 𝛽𝛽(𝑥𝑥)  

and 

L𝑛𝑛(𝑡𝑡) = 𝛼𝛼𝑛𝑛(𝑥𝑥) + 𝛽𝛽𝑛𝑛(𝑥𝑥) 

 

Defintion 3.2. Let ℱ𝑛𝑛(𝑡𝑡) and ℒ𝑛𝑛(𝑡𝑡) be dual polynomial sequences Then, the 

folowing recurrence relations are obtained 

ℱ𝑛𝑛 = F𝑛𝑛(𝑡𝑡) + 𝜀𝜀F𝑛𝑛+1(𝑡𝑡)                                                (11) 
and 

ℒ𝑛𝑛(𝑡𝑡) = L𝑛𝑛(𝑡𝑡) + 𝜀𝜀L𝑛𝑛+1(𝑡𝑡)                                           (12) 
FromEquality 11, the initial conditions of the 𝑎𝑎-dual Fibonacci polynomial 

sequences are 

ℱ0 = F0(𝑡𝑡) + 𝜀𝜀F1(𝑡𝑡) = 𝜀𝜀 

and 
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ℱ1 = F1(𝑡𝑡) + 𝜀𝜀F2(𝑡𝑡) = 1 + 𝑝𝑝(𝑡𝑡)  

From Euality 12, the initial conditions of the 𝑞𝑞-dual Lucas polynomial 

sequeces are 

ℒ0(𝑡𝑡) = L0(𝑡𝑡) + 𝜀𝜀L1(𝑡𝑡) = 2 + 𝜀𝜀𝑝𝑝(𝑡𝑡) 

and 

ℒ1(𝑡𝑡) = L1(𝑡𝑡) + 𝜀𝜀L2(𝑡𝑡) 

              = 𝑝𝑝(𝑡𝑡) + 𝜀𝜀(𝑝𝑝2(𝑡𝑡) − 𝑟𝑟(𝑡𝑡))   
where ε is dual unit. 

Theoem 3.3. The Binet formula of the 𝑞𝑞-dual polynomials ℱ𝑛𝑛(𝑡𝑡) and 

ℒ𝑛𝑛(𝑡𝑡) are 

ℱ𝑛𝑛(𝑡𝑡) =
𝛼𝛼𝑛𝑛(𝑥𝑥)𝛼𝛼(𝑥𝑥) − 𝛽𝛽𝑛𝑛(𝑥𝑥)𝛽𝛽(𝑥𝑥)

𝛼𝛼(𝑥𝑥) − 𝛽𝛽(𝑥𝑥)  

and 

ℒ𝑛𝑛(𝑡𝑡) = 𝛼𝛼𝑛𝑛(𝑥𝑥)𝛼𝛼(𝑥𝑥) + 𝛽𝛽𝑛𝑛(𝑥𝑥)𝛽𝛽(𝑥𝑥) 

Here, 

𝛼𝛼(𝑥𝑥) = 1 + 𝛼𝛼(𝑥𝑥)𝜀𝜀 

and 

𝛽𝛽(𝑥𝑥) = 1 + 𝛽𝛽(𝑥𝑥)𝜀𝜀 

Proof. For the 𝑞𝑞-dual polynomials ℱ𝑛𝑛(𝑡𝑡) and ℒ𝑛𝑛(𝑡𝑡), the proof is calculated 

similarly to the theorem 2.2. 

By doing some calculations, the following relations can be obtained 

ℱ1(𝑡𝑡) − 𝛼𝛼(𝑥𝑥)ℱ0(𝑡𝑡) = 𝛽𝛽(𝑥𝑥)                             

ℱ1(𝑡𝑡) − 𝛽𝛽(𝑥𝑥)ℱ0(𝑡𝑡) = 𝛼𝛼(𝑥𝑥)                            
ℒ1(𝑡𝑡) − 𝛼𝛼(𝑥𝑥)ℒ0(𝑡𝑡) = (𝛽𝛽(𝑥𝑥) − 𝛼𝛼(𝑥𝑥))𝛽𝛽(𝑥𝑥) 

ℒ1(𝑡𝑡) − 𝛽𝛽(𝑥𝑥)ℒ0(𝑡𝑡) = (𝛼𝛼(𝑥𝑥) − 𝛽𝛽(𝑥𝑥))𝛼𝛼(𝑥𝑥) 

4. 𝒒𝒒-Dual Fibonacci and Lucas Function Sequences 
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ℱ1 = F1(𝑡𝑡) + 𝜀𝜀F2(𝑡𝑡) = 1 + 𝑝𝑝(𝑡𝑡)  

From Euality 12, the initial conditions of the 𝑞𝑞-dual Lucas polynomial 

sequeces are 

ℒ0(𝑡𝑡) = L0(𝑡𝑡) + 𝜀𝜀L1(𝑡𝑡) = 2 + 𝜀𝜀𝑝𝑝(𝑡𝑡) 

and 

ℒ1(𝑡𝑡) = L1(𝑡𝑡) + 𝜀𝜀L2(𝑡𝑡) 

              = 𝑝𝑝(𝑡𝑡) + 𝜀𝜀(𝑝𝑝2(𝑡𝑡) − 𝑟𝑟(𝑡𝑡))   
where ε is dual unit. 

Theoem 3.3. The Binet formula of the 𝑞𝑞-dual polynomials ℱ𝑛𝑛(𝑡𝑡) and 

ℒ𝑛𝑛(𝑡𝑡) are 

ℱ𝑛𝑛(𝑡𝑡) =
𝛼𝛼𝑛𝑛(𝑥𝑥)𝛼𝛼(𝑥𝑥) − 𝛽𝛽𝑛𝑛(𝑥𝑥)𝛽𝛽(𝑥𝑥)

𝛼𝛼(𝑥𝑥) − 𝛽𝛽(𝑥𝑥)  

and 

ℒ𝑛𝑛(𝑡𝑡) = 𝛼𝛼𝑛𝑛(𝑥𝑥)𝛼𝛼(𝑥𝑥) + 𝛽𝛽𝑛𝑛(𝑥𝑥)𝛽𝛽(𝑥𝑥) 

Here, 

𝛼𝛼(𝑥𝑥) = 1 + 𝛼𝛼(𝑥𝑥)𝜀𝜀 

and 

𝛽𝛽(𝑥𝑥) = 1 + 𝛽𝛽(𝑥𝑥)𝜀𝜀 

Proof. For the 𝑞𝑞-dual polynomials ℱ𝑛𝑛(𝑡𝑡) and ℒ𝑛𝑛(𝑡𝑡), the proof is calculated 

similarly to the theorem 2.2. 

By doing some calculations, the following relations can be obtained 

ℱ1(𝑡𝑡) − 𝛼𝛼(𝑥𝑥)ℱ0(𝑡𝑡) = 𝛽𝛽(𝑥𝑥)                             

ℱ1(𝑡𝑡) − 𝛽𝛽(𝑥𝑥)ℱ0(𝑡𝑡) = 𝛼𝛼(𝑥𝑥)                            
ℒ1(𝑡𝑡) − 𝛼𝛼(𝑥𝑥)ℒ0(𝑡𝑡) = (𝛽𝛽(𝑥𝑥) − 𝛼𝛼(𝑥𝑥))𝛽𝛽(𝑥𝑥) 

ℒ1(𝑡𝑡) − 𝛽𝛽(𝑥𝑥)ℒ0(𝑡𝑡) = (𝛼𝛼(𝑥𝑥) − 𝛽𝛽(𝑥𝑥))𝛼𝛼(𝑥𝑥) 

4. 𝒒𝒒-Dual Fibonacci and Lucas Function Sequences 

In this section, we define quantum dual function sequences or briefly 𝑞𝑞-

dual function sequences in the quantum calculus. 

Definition 4.1. Assume that 𝑝𝑝(𝑡𝑡) is an arbitrary function. Its 𝑞𝑞-derivative 

operator is shown by  

𝑑𝑑𝑞𝑞𝑝𝑝(𝑡𝑡) = 𝑝𝑝(𝑞𝑞𝑡𝑡) − 𝑝𝑝(𝑡𝑡) ( Kac, 2002 ).  
Note that in particular 𝑑𝑑𝑞𝑞(𝑡𝑡) = (𝑞𝑞 − 1)𝑡𝑡, 

lim
𝑞𝑞→1

𝐷𝐷𝑞𝑞𝑝𝑝(𝑡𝑡) = lim
𝑞𝑞→1

𝑝𝑝(𝑞𝑞𝑡𝑡) − 𝑝𝑝(𝑡𝑡)
(𝑞𝑞 − 1)𝑡𝑡 =

𝑑𝑑𝑞𝑞(𝑡𝑡)
𝑑𝑑𝑡𝑡                 (13) 

were 𝑞𝑞 ≠  1. The 𝑛𝑛𝑡𝑡ℎ  q-dual Fibonacci function sequences is given by 

ℱ𝑛𝑛(𝑡𝑡) = F𝑛𝑛(𝑡𝑡) + F𝑛𝑛+1(𝑡𝑡)𝜀𝜀, where F𝑛𝑛(𝑡𝑡) is the 𝑛𝑛 𝑡𝑡ℎ 𝑞𝑞-Fibonacci function 

sequences and 𝜀𝜀 is dual unit. Then, 𝑞𝑞-derivative is 

{
𝐷𝐷𝑞𝑞ℱ𝑛𝑛(𝑡𝑡) = 𝐷𝐷𝑞𝑞(F𝑛𝑛(𝑡𝑡) + F𝑛𝑛+1(𝑡𝑡)𝜀𝜀) 
                 = 𝐷𝐷𝑞𝑞F𝑛𝑛(𝑡𝑡) + 𝐷𝐷𝑞𝑞F𝑛𝑛+1(𝑡𝑡)𝜀𝜀                          (14) 

  Here 𝐷𝐷𝑞𝑞F𝑛𝑛(𝑡𝑡) demonstrate the derivative of F𝑛𝑛(𝑡𝑡) 

Proposition 4.2. For the integer 𝑛𝑛 >  0, if F𝑛𝑛(𝑡𝑡)  =  (𝑡𝑡 −  µ)𝑞𝑞
𝑛𝑛  is selected, 

𝑞𝑞-derivative of the function sequences F𝑛𝑛(𝑡𝑡) can be given in the form 

𝐷𝐷𝑞𝑞F𝑛𝑛(𝑡𝑡) = [𝑛𝑛]𝑞𝑞F𝑛𝑛−1(𝑡𝑡), 

where µ is constant. 

Proof. From Equalities 13 and 14, we compute 𝑞𝑞-derivative of the 

function sequences F𝑛𝑛(𝑡𝑡), we obtain 

𝐷𝐷𝑞𝑞F𝑛𝑛(𝑡𝑡) = (𝑞𝑞(𝑡𝑡 − 𝜇𝜇))𝑛𝑛 − (𝑡𝑡 − 𝜇𝜇)𝑛𝑛

(𝑞𝑞 − 1)(𝑡𝑡 − 𝜇𝜇)  

                = (𝑞𝑞𝑛𝑛 − 1)(𝑡𝑡 − 𝜇𝜇)𝑛𝑛−1

(𝑞𝑞 − 1)  

                = [𝑛𝑛]𝑞𝑞F𝑛𝑛−1(𝑡𝑡)    
and the derivative of the 𝑛𝑛 𝑡𝑡ℎ 𝑞𝑞-dual Fibonacci function sequences is 

𝐷𝐷𝑞𝑞ℱ𝑛𝑛(𝑡𝑡) = [𝑛𝑛]𝑞𝑞F𝑛𝑛−1(𝑡𝑡) + [𝑛𝑛 + 1]𝑞𝑞F𝑛𝑛(𝑡𝑡)𝜀𝜀 

                = [𝑛𝑛]𝑞𝑞F𝑛𝑛−1(𝑡𝑡) + 𝑞𝑞𝑛𝑛[1]𝑞𝑞 𝜀𝜀 
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Example 4.3. For the integer 𝑛𝑛 <  0, consider the function  

F−𝑛𝑛(𝑡𝑡)  =  (𝑡𝑡 −  µ)𝑞𝑞
−𝑛𝑛 , we calculate the 𝑞𝑞-derivative of F𝑛𝑛(𝑡𝑡) and ℱ𝑛𝑛(𝑡𝑡). 

Proof. By using Definition 3.1 and Equality 13, we can write 

𝐷𝐷𝑞𝑞F−𝑛𝑛(𝑡𝑡) = (𝑞𝑞(𝑡𝑡 − 𝜇𝜇))−𝑛𝑛 − (𝑡𝑡 − 𝜇𝜇)−𝑛𝑛

(𝑞𝑞 − 1)(𝑡𝑡 − 𝜇𝜇)  

                    = (𝑞𝑞−𝑛𝑛 − 1)(𝑡𝑡 − 𝜇𝜇)−𝑛𝑛−1

(𝑞𝑞 − 1)  

                   = [−𝑛𝑛]𝑞𝑞F−(𝑛𝑛+1)(𝑡𝑡) 

                    = −
[𝑛𝑛]𝑞𝑞
𝑞𝑞𝑛𝑛 F−(𝑛𝑛+1)(𝑡𝑡) 

and doing necessary calculations, 𝐷𝐷𝑞𝑞ℱ−𝑛𝑛(𝑡𝑡), we get 

𝐷𝐷𝑞𝑞ℱ−𝑛𝑛(𝑡𝑡) = −
[𝑛𝑛]𝑞𝑞
𝑞𝑞𝑛𝑛 F−(𝑛𝑛+1)(𝑡𝑡) −

[𝑛𝑛 + 1]𝑞𝑞
𝑞𝑞𝑛𝑛+1 F−(𝑛𝑛+2)(𝑡𝑡)ε 

 

 

5. Conclusion 

In the present paper, the 𝑞𝑞-dual number sequences have been introduced by 

using the notations from quantum calculus. First of all the recurrence 

relation for these numbers have been obtained. Then, some fundamental 

identities are obtained such as the Binet formulas, the Cassini, the Catalan, 

and the d’Ocagne identities. Furthermore, the new polynomials and 

functions which are called 𝑞𝑞-dual Fibonacci and 𝑞𝑞-dual Lucas polynomial 

and function sequences. Also, we have presented some properties and 

identities for these polynomial and function sequences. 
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